ABSTRACT. Let X, Y be Banach spaces over either the real field or the complex field. A continuous linear operator will be called a generalized Exact sequences and diagram lemmas are the main tools employed in this
x1-L+x2-±+x3-+->xn-^xn+x is exact if it is exact at each X¡ (i = 2, 3,..., n).
study of Banach spaces. By using these tools, we are also able to give some of the known theorems concerning reflexive Banach spaces and weakly compact operators new and more transparent proofs.
2. Exact sequences and diagram lemmas.
(2.1) Theorem. Z/0-* X -*Y-■» Z -*-0 is a short exact sequence in B, then 0 -» Z* -* Y* -► X* -► 0 is an exact sequence in B [12] .
Proof. The exactness at Z*, Y* is clear. The exactness at X* is a consequence of the Hahn-Banach Theorem. Q.E.D. For any X in B, there is a natural injection nx: X -> X** defined by (mx(x))(x*) = x*(x) for all x G X and x* G X*. As usual, we shall identify X with nx(X) and omit the mention of nx when it is convenient to do so. Let X= X**/X. If TEB{X, Y) then f E B(X, Y) is defined uniquely by the com- Proof.
The definition of the operator d is exactly the same as the usual abelian category situation [7, p. 203] : We consider the commutative diagram:
Choose any z E Ker V. k(z) EZ. Q is onto. So there is some y EY such that Q(y) = Kz)-U(y) has the property: SU(y) = VQ(y) = Vk(z) = 0. Hence there exists an x E Xx such that R(x) = U(y). d(z) is defined to be ix(x). It is easy to check that the definition is unambiguous and that the operator d is linear.
Applying [5, Lemma 1, p. 487 ] to the operators with closed range Q and R, and observing that k, U and ix ate bounded, we can find constants Cx, C2, C3, C4, Cs such that: 1. For any z E Ker V, \k(z)\ < Cx\z\. 2. For k(z) E Z, there exists y EY such that Q(y) = k(z) and \y\ < C2\k(z)\.
3. Former, \U(y)\ < C3\y\. is verified by the usual method [7, p. 203] . Q.E.D.
3. Reflexive Banach spaces. A Banach space X is reflexive if the natural injection nx: X -> X** is an isomorphism (onto). Hence Since the set of weakly compact operators is the kernel of the bar map (4.1) which has the properties of (2.3) and (2.4), it is a norm-closed linear subspace which is a "two-sided ideal" in the sense of [9, p. 17] . (Note, however, that the neatness of the proof is illusory. This was pointed out by the referee.)
This theorem corresponds to the theorem of F. Riesz which states that a Banach space X is finite dimensional if and only if its closed unit sphere is compact in the norm topology. 
Proof. T is generalized Fredholm o (Theorem (5.1)) T is an isomorphism. o (T)* is an isomorphism. o (Theorem (2.8)) (T*) is an isomorphism.
o T* is generalized Fredholm. Q.ED. Let B(X) = B(X, X) and WK(X) C B(X) be the closed two-sided ideal of weakly compact operators in B(X).
(5.11) Theorem. B(X)[WK(X) is isomorphic to a topological k-subalgebra ofB(X).
Proof. By Theorems (2.3), (2.4) and (4.1), T + WK(X) h-* f is a topological monomorphism. Q.E.D.
In view of the above results, it is probably appropriate to call the algebra B(X)/WK(X), the generalized Calkin algebra. (Compare [15, p. 127] .) 6 . Tauberian and co-Tauberian operators. Let T G B(X, Y). T is called a Tauberian operator if T**~x{nY{Y)) E nx{X) [6] . Equivalently: T is Tauberian if and if Ker f = 0.
(6.1) Theorem [6] .IfTE B(X, Y) has a closed range, then T is Tauberian if and only if Ker T is reflexive.
Proof. Since T has a closed range, we may apply Corollary (2.6) and obtain: Ker(f) = Ker T. Clearly, T is Tauberian o Ker(f) = 0 o Ker T= 0 o Ker T is reflexive. Q.E.D.
In view of Theorem (6.1), we see that the classical notion corresponding to a Tauberian operator with a closed range is that of a semi-Fredholm operator [11, p. 125] . Proof. Use Theorems (6.1) and (6.4) . Q.E.D. (6.8) Theorem. Same assumption as in Theorem (5., 8) . If U is generalized Fredholm, then T is Tauberian and V is co-Tauberian.
Proof. Use Theorems (5.8), (6.1) and (6.4) . Q.E.D. The proof of (ii) is similar to that of (i). Q.ED. 
